We investigate the spatial and quantum intensity correlations between the probe and Stokes optical fields produced via four-wave mixing in a double-Λ configuration, when both incoming probe and control fields carry non-zero optical orbital angular momentum (OAM). We observed that the topological charge of the generated Stokes field obeyed the OAM conservation law. However, the maximum values and optimal conditions for the intensity squeezing between the probe and Stokes fields were largely independent of the angular momenta of the beams, even when these two fields had significantly different OAM charges. We also investigated the case of a composite-vortex pump field, containing two closely-positioned optical vortices, and showed that the generated Stokes field carried the OAM corresponding to the total topological charge of the pump field, further expanding the range of possible OAM manipulation techniques.
Introduction
Structured light -an optical beam carrying optical angular momentum (OAM) -rapidly became a useful resource for a wide range of applications, from optomechanical manipulations [1, 2] to super-resolution imaging [3, 4] . In quantum information science it has been used for the generation of hyper-entanglement [5] , quantum multiplexing [6] , etc. Nonlinear optical processes offer effective methods for OAM manipulations [7] [8] [9] [10] [11] , as the OAM phase-matching conditions make it possible to control the spatial structure of the generated optical fields by shaping the profiles of strong pump and weak probe fields before the interaction.
Four-wave mixing in hot Rb vapor has provided a valuable method for producing spatially multi-mode squeezed and entangled optical fields [7, 11, 12] . For example, a four-wave mixing interaction between a strong pump and a weak probe in a double-Λ configuration, shown in Fig. 2 , results in the amplification of the probe field, and the generation of the Stokes field. Previous studies have shown that OAM that is present in the initial control or probe field will determine the spatial mode of the generated Stokes field while maintaining a high degree of quantum intensity correlations between the probe and Stokes fields [13] . The focus of our experiment is to extend the parameter space of accessible OAM modes by independently implanting OAM on both the pump and probe optical fields. We demonstrate that, despite considerable differences in spatial profiles of the generated probe and Stokes fields, we observed comparable levels of quantum intensity correlations.
To achieve high four-wave mixing gain and a high level of intensity correlations between the probe and stokes fields, the phase matching conditions ì k probe + ì k Stokes = 2 ì k pump must be obeyed, forcing the two input optical fields to cross inside the Rb cell at the proper angle, with the Stokes field being then generated symmetrically with respect to the output pump beam.
If either input optical field carries optical angular momentum, the OAM phase-matching condition dictates the topological charge of the generated Stokes field:
Thus, it should be possible to produce the Stokes field carrying OAM in a significantly broader range than if only one of the input beams carried OAM [7] . As an example, Fig. 1(c) shows the Stokes field with Stokes = −3 that is generated using probe and pump fields carrying the unit topological charges of the opposite sign ( probe = +1 and pump = −1). This results in the topological charge difference of ∆ = 4 between the two quantum correlated optical fields. Yet, as we will show in the following sections, such manipulations of the spatial beam profiles do not cause significant deterioration of the quantum correlations between the two fields. Moreover, we found that the four-wave mixing process allows for the use of an optical field with a composite vortex structure to increase the total effective topological charge of a beam. Specifically, we used a phase mask, which added two closely-separated, but clearly distinguishable, unit charge vortices to the input pump field. By analyzing the generated Stokes field profile, we unambiguously demonstrate that the Stokes field OAM value is consistent with the total OAM carried by the pump field, rather than with that of an individual vortices. These observations suggest that FWM can be used as a mechanism for effectively merging separate topological defects, thus realizing a new tool for OAM manipulations.
Experimental arrangements
The schematic of the experimental setup is shown in Fig. 2 . To maintain phase coherence, the pump and probe were taken from the same diode laser tuned to 1.25 GHz to the blue of the 5S_1/2, F = 2− > 5P_1/2, F = 2 optical transition of the 85 Rb atoms. A portion of the laser output was sent to a tapered amplifier to generate the pump field. The rest was phase-modulated at the frequency 3035 MHz (the hyperfine splitting of 85 Rb) using a fiber electro-optical modulator. The low-frequency modulation sideband, tuned to 1.25 GHz to the blue of the 5S_1/2, F = 3− > 5P_1/2, F = 2 transition, served as a probe field (the other modulation sidebands were filtered out using a Fabry-Perot (FP) etalon). Both the probe and pump field then passed through single-mode fibers to ensure their Gaussian transverse intensity profiles. We then used two different methods to control the topological charges of the two input optical fields. For the probe field, we used a forked diffraction grating that directed ≈ 50% of the input intensity into the first diffraction maximum, thus preparing the probe field with the spatial charge of = 1. For the pump field, we used a transparent spiral vortex phase mask to add = ±1 OAM charge, depending on the mask orientation without significant optical power losses. The OAM-carrying pump and probe optical fields were then combined at a proper phasematching angle (≈ 0.4 • ) using a polarizing beam splitter (PBS) before entering a 25-mm long A single laser is used to generate all outputs. The high-power pump (red) is output though a fiber dock system while the lower power pump output is in free space and later used to generate the probe (blue). The stokes (black) optical field is generated through FWM in the cell. The set-up has four main sections; probe prep, OAM prep, interaction, noise detection, and imaging. Abbreviations and explanations are given in the text.
Pirex cell filled with isotopically enriched 85 Rb vapor. The cell was mounted inside of a three-layer magnetic shielding and maintained at 106 • C corresponding to the atomic density of 7 × 10 12 cm −3 . At the location of the cell, the pump and probe beams had diameters of 250 µm and 300 µm and powers of 410 mW and 60 µW, respectively. After the cell, the pump beam was filtered out using a second PBS, and the amplified probe and generated Stokes fields were spatially separated using an edge mirror and sent to the two inputs of a balanced photodetector for the differential intensity measurements.
To analyze the vortex structure of the output beams, we deployed two interference methods. In the first one, either the probe or Stokes beam was individually passed through a Mach-Zehnder interferometer with a divergent lens placed in one of its arms, such that at the output, the original vortex beam overlapped with a constant phase section of the expanded beam. Their interference pattern produced a traditional forked interferogram. This method allowed us to easily identify the position(s) and number of vortices in the original beam by simply counting the number of forked fringes in the resulting interferogram. For a more accurate analysis of the OAM beam conposition, we alternatively replaced the lens with a Dove prism in one of the arms that transposed the beam. The interference of the original and the transposed optical fields resulted in a petal interferogram, in which the azimuthal phase difference between the beams in two interferometer arms produced a flower-like structure with the number of petals equal to the double of the input beam topological charge [14] .
Optical angular momentum conversion with single vortex beams
In the first series of measurements, we independently prepared both the pump and probe optical fields in pure LG modes with unit topological charge, as described above. During all of the measurements, the probe was kept in the same ( probe = +1) LG mode. However, by flipping the orientation of the phase mask, we set the topological charge of the pump field to be either pump = ±1. Two configurations were tested: when the pump and probe optical fields had the same ( probe = pump = 1) or opposite ( probe = − pump = 1) OAM charges. For each configuration, our goal was to test the OAM phase matching in Eq. (1) by analyzing the intensity and phase profile of all optical fields after the cell. At the same time, we measured the intensity correlations between the output probe and stokes fields to confirm that the intensity squeezing is preserved, even if the two fields are in different transverse modes. In the first configuration, the identical topological charges in the probe and pump fields probe = pump = 1 resulted in the Stokes beam being generated in the same mode, Stokes = 1, in Fig. 3(a) (right) . The identical unit charge for both amplified probe and the generated stokes field was confirmed by the interferogram: when interfered with the plane wave, one clear fork in the interference fringes was observed for both beams. When the phase mask in the pump field was reversed, the pump beam was implanted with a negatively charged vortex and the Stokes was generated in the Stokes = −3 mode, shown in Fig. 3(b)(right) . This observation was in excellent agreement with the OAM phase-matching condition.
To achieve the maximum intensity squeezing, great care had to be taken to adjust the waists and the convergence of the pump and probe fields to increase their spatial overlap inside the Rb cell. The input pump and probe beams are shown on the left of Fig. 3(a) and 3(b) . In these configurations, we saw substantial FWM gain and were also able to maintain a large two-mode intensity squeezing (−5.8 ± 0.1 dB) whether the pump and probe beams carried the same or opposite charge [see Figs. 3(a) and 3(b) ]. This value was within the standard error of our measurements when comparing to squeezed beams without OAM.
The dependence of the measured gain and two-mode intensity squeezing, on the two-photon detuning (between the probe and pump fields), is shown in Figs. 3(a) and 3(b) . It is similar to the previously reported measurements with conical beams [12] . We defined gain, for both probe and Stokes fields, as the ratio of the output intensity to the intensity of the input probe field. One can see that the FWM gain peak is shifted from the exact hyperfine splitting frequency, due to the power broadening. At the same time, the best quantum-noise suppression occurs not at the maximum gain frequency, but on its wing closer to the two-photon resonance.
The two-photon detuning also affects the transverse profile of the output fields. Under the conditions for best squeezing, the intensity profiles of both the Stokes and probe fields most closely resembles those expected from a pure LG mode. However, closer to the region of maximum gain, the intensity distributions become uneven. We observe that the portion of the output beam that is closer to the pump beam emerges as more amplified. If the two-photon detuning is moved toward positive two-photon detuning, the gain region shift away from the pump amplifying the outer parts of the probe and Stokes fields.
Optical angular momentum conversion for a composite vortex pump field
In the next series of experiments, we inserted a different phase mask, containing two closelypositioned spiral features [15] , which produced a pump beam with two spatially separated vortices of charge = 1, as shown in Fig. 4(a) . To theoretically analyze the LG mode decomposition of such a beam, we assumed that the center of a spiral feature was located at (r 0 , φ 0 ) with respect to the beam axis. Then we could express the φ coordinate of the phase mask as φ = arctan(y /x ), where x = r cos φ − r 0 cos φ 0 and y = r sin φ − r 0 sin φ 0 . With this in mind, we modeled the modified pump beam as
where
and the φ i coordinates correspond to the two spiral features. The intensity and phase distributions are shown in Figs. 4(b) and 4(c), respectively. As one can see, the experimentally observed pump intensity distribution matched the theoretical one quite accurately. It has been shown that such composite vortex beams can be decomposed into a superposition of pure LG modes, which allow the generation of high-dimentional entangled states [16, 17] . Thus, our goal was to study how the composite nature of the pump beam topological charge and the OAM conservation affect the structure of the generated stokes field. For example, according to Eq.(1), two individual pump vortices with pump = ±1 should result in the generation of a stokes field with a similar composite vortex structure, containing two vortices of either = 1 or = −3, depending on the mask orientation. Thus, when the total Stokes topological charge is measured, we would expect it to be either 2 or −6. However, this is not what we observed experimentally. For one orientation of the phase mask, the Stokes optical field was produced in the = 3 mode, seen in Fig. 5(a1) . In the second configuration, we observed the Stokes field generated in the = −5 mode, seen in Fig. 5(a3) . Such behavior is consistent with the pump field contributing its total topological charge into the four-wave mixing phase matching conditions, thus behaving as a simple beam carrying pump = ±2 OAM. The corresponding theoretical simulations, shown in Figs. 5(b2) and 5(b4) confirm this observation. The modal analysis seen in Ref. [14] allowed us to more precisely quantify the distribution of values in the generated Stokes fields. Using the spectral interferograms produced in the interferometer with the inserted Dove prism [see Figs. 5(b1)-5(b4)], we carried out the Fourier analysis of the azimuthal intensity distribution and confirmed that the observed petal structure consist of mainly either = 3 or = −5 LG mode with over a 90% confidence, both experimentally and numerically [Figs. 5(c1)-5(c4)].
As in the case of simple vortex beams, we saw that the intensity squeezing between the probe and stokes was maintained in these cases as well, and followed the same general trend. However, due to larger sizes of both Stokes and pump beam, the spatial filtering of the pump field was less efficient, resulting in small leakage of the pump signal into the detection scheme, thus reducing the detected squeezing. Nevertheless, in the case of Stokes generated in = 3, we measured up to nearly −5 dB of intensity difference squeezing [ Fig. 6(a) ]. For the other mask orientation, in which the Stokes field was generated with the total topological charge of stokes = −5, the measured squeezing level was worse, roughly −4.3 dB, mostly due to even larger Stokes beam size [see Fig. 6(b) ]. However, we believe that with the optimized detection geometry we should be able to regain the same amount of squeezing even for the beams with large topological charge difference, as in this case. 
Conclusion
In this manuscript we have demonstrated control of the Stokes-field spatial-mode structure by means of shaping the input pump and probe fields using independent phase elements. We found that the Stokes-field OAM can be controlled in a much wider range without degrading the two-mode intensity squeezing between the amplified probe and generated Stokes field, regardless of their spatial mode mismatch. We also found that closely positioned phase singularities in the pump field can be effectively added in the four-wave mixing process, resulting in topological charge of the Stokes field being dependent on the total OAM of the pump, not the sum of two independent vortices. That opens an interesting avenue for manipulation of the complex spatially separated LG modes. 
